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Is it possible to compute the Mo¨bius function without factoring?
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Abstract: It has been well known since Fermat’s Little Theorem was first
published that it is possible to determine that a number is composite without
determining any of its nontrivial factors. It is natural to ask whether it is
also possible to compute the Mo¨bius function of a composite number without
determining any of its nontrivial factors. In this note, we argue that this is
impossible.
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It has been well known since Fermat’s Little Theo-
rem was first published that it is possible to determine
that a number is composite without determining any of
its nontrivial factors [1]. It is natural to ask whether it is
also possible to compute the Mo¨bius function of a com-
posite number without determining any of its nontrivial
factors; the Mo¨bius function µ(n) is defined as µ(1) = 1,
µ(n) = (−1)k if n = p1 · · · pk where pj is a distinct prime
for each j = 1, . . . , k, and µ(n) = 0 if n is divisible by
a perfect square [2]. In this note, we argue that this is
impossible:
Suppose that n is square-free. Then µ(n) is defined
as (−1)k, where k is the number of primes in the prime
factorization of n. Then computing this expression re-
quires computing k (mod 2), and computing k (mod 2)
requires counting the prime factors of n. (Note that one
does not have to count as 1, 2, 3, 4, 5, . . . ; one can count
as 1, 2, 1, 2, 1, . . . .) Hence, when n is square-free, the
only way to compute µ(n) is to count the prime factors
of n, which requires determining its prime factors.
Now, suppose that n is divisible by a perfect square.
First, note that the only way to determine that a number
is a perfect square is to find its square root. Then a
fortiori, the only way to determine that n is divisible by
a perfect square is to find the square root of a perfect
square that divides n, which results in a nontrivial factor
of n. Therefore, in order to compute µ(n) when n is
divisible by a perfect square, it is necessary to determine
at least one of the nontrivial factors of n.
We can conclude that computing the Mo¨bius function
of a composite number is at least as difficult as finding
a nontrivial factor of a composite number, unlike the
problem of determining whether a number is composite.
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